THE THEOREM WITH THE DINI CONDITION 



TUOMAS P. HYTONEN 



Abstract. Let T be an L-^-bounded operator having an tj-Calderon-Zygmund 
kernel K with a modulus of continuity ui. 11 ui satisfied the Dini condition 
ui(t) dt/t < oo, then T satisfies the A2 theorem 

l|T/IL2(„) < HaJ|/IL2(„) 

and many related estimates, as a consequence of a domination by dyadic op- 
erators. 



1. Introduction 

Let r be a bounded linear operator on L^(R'^) with kernel K{x,y). Let w : 
[0, cx)) [0,00) be a modulus of continuity: a subadditive {ijj{t + u) < uj{t) + 
ld{u)) and increasing function. Then K is called an w-Calderon-Zygniund kernel, 
if\K{x,y)\<C\x-y\-^, 

\Kix,y)-K{x\y)\<Cu;0-^^)^^, (1) 

\ \x - y \ / \x - y]" 

and the symmetric condition holds with the roles of x and y reversed. 

We are concerned with the A2 theorem, i.e.. the weighted norm inequality 

\\Tf\\mw) <[w]A2\\f\\L^w), := sup / w • / — (2) 

for w-Calderon-Zygmund operators. The original proof [2j gave this for all Holder 
moduli u){t) = t" , while the recent proofs by Hytonen-Lacey-Perez and Lerner 
work under the condition that 

/•I 1 df °° 

/ o.(0(l + log-)-^5]c.(2-'=).fc<«) (3) 
•^0 ^ ^ k=i 

In all cases, the validity A2 theorem depends on the of representing T in terms 
of so-called dyadic shift, for which the bound ^ is feasible to check. In ([3]), the 
factor k comes from the fact that the best known {w) estimate for a dyadic shift 
of order k \s k ■ [w\a2- Here we improve these existing arguments to show that the 
A2 theorem, and a related dyadic domination theorem, remains valid just under 
the classical Dini condition, i.e., ([3]) without the log term, or the factor k. 
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2. Proof 

This borrows a lot from the recent approaches of Hytonen-Lacey-Perez [3 and 
Lerner [HI [7]; see these papers and the survey [1] for more details on parts of the 
argument. The critical novel ingredient is a partial summation argument and a 
subsequent new rearrangement of a multiple summation into dyadic shifts. We 
only require positive dyadic shifts of the following type: An operator 

is called a positive dyadic shift of order j, if it is bounded on L^(IR'') and for each 
K € the collection consists of dyadic subcubes Q Q K with i{Q) > 2~^£(K). 
The shift has scales separated, if there is an such that \og2 i{K) = i 

mod j for all K with JSk 0- 

Our goal is to estimate (T/, g) for, say, bounded and compactly supported /, g. 
Let Qa be a large cube containing the supports of both /, g. By Lerner's formula, 
in the simplified form given in [1] Theorem 2.3], we have 

1qo|T/I < lQo\mTf{Qo)\+2 oscA(T/;L).li, (4) 

where A = 2^^"'^ is a dimensional constant, 

• ^ is a i-sparse family (i.e., for all L G there are pairwise disjoint 
subsets E{L) C L with > ^l^l) of dyadic subcubes of Qo, 

• mTf{Qo) is any median of Tf on Qq, and 

• osc\{T f; L) := inf inf \\{T f — c)1q\£;||oo is the local oscillation of Tf. 

c |_E|<A|Q| ' 

If Qo contains the support of /, the median term is estimated as 

iQokT/(Qo)l<^l|r/|U..~<^||/IU. = 1q„/ |/|. (5) 

l^ol l^ol Jqo 

For the local oscillation of w-Calderon-Zygmund operators, there is the bound 

oo „ 

osca(T/;L)<^c.(2-^)/ |/| (6) 
k=i •^2'=L 

essentially due to Jawerth-Torchinsky [5i, but see [31 Lemma 2.6] and [7, Proposi- 
tion 2.3] for details. Note that both (O and ([6]) depend on the weak (1, 1) estimate 
for T, which is a consequence of the boundedness and the kernel bound dual to 
([T]). In fact, the regularity in the second variable is only used in this indirect way, 
so we could also just have assumed the weak (1,1) bound and ([1]) as stated. Note 
that ll]) is explicitly used to get the decay factors w(2^'"') in ([5]). 
Consider the adjacent dyadic systems 

{2-'^X[0, lf + m + {-l)^a) : fc e Z, m G Z'*}, a e {0, i, 

For an arbitrary cube L, let Qa{L) be the unique cube such that 

Q„(i) e i^", Qc.{L) D i, M{L) < iiQo^iL)) < U{L), 

if it exists, and Qa{L) := otherwise. It is well-known that Qa{L) D L for at least 
one a G {0,|,|}'*; moreover [31 Lemma 2.8], for every A; G N, we can find at least 
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one a £ {0, |,|}'' such that in addition Qa{L)'^''^ D 2^L. For this specific value 
a =: a{L,k), we thus have 

/ \f\-iL<-f I/|-W,.,(l)<E/ I/I-1q=(l), (7) 

where |/| := 0. This can also be applied to ^ and Qo hi place of L. 
Combining (g]), ([5]), ([SI) and (O, we find that 



00 „ 
:= {Q e : Q = Q„(i) for some i e if}, 



(8) 



and we also used the fact that the map L e ^ t-^ Qa{L) G is at most G'*- 
to-one: given Q, all L with Qa{L) — Q are dyadic cubes of the same size (since 
£{L) G [^£{Q), ^£{Q)), and this interval contains a unique dyadic number), thus 
pairwise disjoint, and they satisfy L C Q and \L\ > 6^'^\Q\. Note that each 
is 2^^6^'*-sparse; indeed, for Q = Qa{L), the subsets E{Q) E{L) are pairwise 
disjoint and \E{Q)\ = 2-i|L| = 2-^6-'^\Q\. 

Now we come to the novel point in the argument. Let us define S{k) :— a;(2^'^') — 
Then S{j) > and uj{2-'') = J2T=k ^U)- Substituting into dH]), changing 
the order of summation, and rearranging, we dominate Igolr/j by 

EE^o-)E E / i/i-i.-EE^o-)E E 

where g<^'^> Q^*^) for the unique k = k{i,j,Q) e {!,..., j} such that log2^((5('=)) = 
log2 £{Q) + k = i mod j; note that {Q^'^^^ : i = 1, . . . , j} is just another enumera- 
tion of {QW = 

For each fixed i,j and a, 

^Mi/h= E /, ,i/i-iq= E / i/i E lo 

mod j 

is a positive dyadic shift (acting of |/|) of order j, with scales separated. In- 
deed, the condition that Q^*'-'^ ~ K can be written again as 

g(fc) = K for some 

= k{i,j, K) G {1, • • • , j}, so the structure of a dyadic shift is apparent from the 
latter formulation. From the first form, using the disjoint subsets E{Q) C Q, we 
immediately deduce the unweighted boundedness from 

E / l/l- / l5l< E infA//.infA/5.|ii;(Q)| < / Mf-Mg. 
Thus, we have shown the pointwise bound 

•xi j 

iQoir/|<EE'^WE^".l/l' 

a j—1 i—1 

where each S'f^ is a positive dyadic shift of order j with scales separated. In par- 
ticular [4, Theorem 5.2], it satisfies ||S'fj- ||ii_j.ii.oo < 1 uniformly in all parameters 
(rather than < j, which would be the best possible conclusion without the 'scales 
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separated' condition [IJ). Then it is possible to run Lerner's duality argument ^6j, 
using this improved weak-type estimate, to find that 

\{St,r9\<S^f\g\, 

where 5'"j'^ is a positive dyadic shift of order zero. Thus, for /, g bounded and 
compactly supported (observing the self-duality of shifts of order zero), we deduce 
that 

oo oo 

\{Tf,g)\ < {Y^Sij) ■ j) sup(5|/|, < sup(5|/|, \g\), (9) 

j=i ^ j=i ^ 

where the supremum is over all positive dyadic shift of order zero, and the last step 
follows easily by partial summation. This is the new dyadic domination theorem 
for oj-Calderon-Zygmund operators under the Dini condition on w. 

Since the A2 theorem holds for S, it also holds for T. Many other estimates are 
known for dyadic shifts of order zero, see [6J, and they all transfer to Dini-Calderon- 
Zygmund operators by With only minor modifications in the argument, this is 
also true for the maximal truncations of T, and even the smooth g- variation {q > 2) 
of T for certain special operators T; see |3]- 

3. An application 

Consider the powers of the Beurling-Ahlfors operator B on L^(C,w). The 
operator B" is a convolution operator, whose kernel has a modulus of continuity 
uj{t) < nminjnt, 1}, for which 

/ uj{t) — < / n^dt+ I n — =n(l + logn). 

Jo i Jo Jl/n t 

Thus we deduce that ||i?"/||i2(^) < n(l -I- logn)[u']^2 ||/||i2(^'), which improves 
on earlier estimates. It would be interesting to know whether the log 71 term is 
necessary in this estimate. 
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